VOLUME INVARIANT AND MAXIMAL 
REPRESENTATIONS OF DISCRETE SUBGROUPS OF LIE 
^ ■ GROUPS 

Q . SUNGWOON KIM AND INKANG KIM 

i Abstract. Let r be a lattice in a connected semisimple Lie group G 

■ with trivial center and no compact factors. We introduce a volume 

invariant for representations of V into G, which generalizes the volume 
invariant for representations of uniform lattices introduced by Goldman. 
Then, we show that the maximality of this volume invariant exactly 
characterizes discrete, faithful representations of V into G. 



(N 



H 
O 

03 



1. Introduction 



A volume invariant is denned to characterize discrete, faithful represen- 
tations of a discrete group T into a connected semisimple Lie group G. For 
' a uniform lattice T, Goldman [17] introduced a volume invariant v(p) of a 

■ representation p: T — > G as follows: Let X be the associated symmetric 

space of dimension n and M = T\X. To every representation p: Y — > G, a 
bundle E p over M with fibre X and structure group G is associated. One 
■^J- , can obtain a closed n-form co p on E p by spreading the G-invariant volume 

| form wonl over the fibres of E p . Then, the volume invariant v(p) of p is 

O ■ defined by 

v{p) = f u p , 

J M 

where / is a section of E p . 
^ . The definition of the volume invariant v(p) is independent of the choice 

^ | of a section since X is contractible. It can be easily seen that the volume 

invariant v(p) satisfies an inequality 

(1.1) Kp)|<Vol(M), 

which recovers the Milnor-Wood inequality for G = PSL2(M). Note that 
the volume invariant v(p) is available only for representations of uniform 
lattices. Goldman [17] conjectured the following and gave a positive answer 
for all connected semisimple Lie groups except for SU(n, l),Sp(ro, 1),FJ 20 . 
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Conjecture 1.1. Equality holds in (1.1) if and only if p is a discrete, faithful 
representation of Y into G. 

Numerical invariants such as the volume invariant have been used to study 
a representation variety Hom(r, G) consisting of homomorphisms p: T — > G. 
For example, Goldman [16] characterized (4g — 3)-connected components of 
the representation variety Hom(7ri(5), PSL2QR)) for a closed surface S of 
genus g via the Toledo invariant. Moreover, he verified that the connected 
component of Hom(7Ti(5), PSL2(M)) with maximal Toledo invariant is ex- 
actly the embedding of the Teichmiiller space of S into Hom(7Ti(5), PSL2R) 
[14]. Burger, Iozzi and Wienhard [9] generalize the theories of a closed 
surface representation variety in PSL2(R) to other Lie groups such as split 
simple Lie groups and Lie groups of Hermitian type. 

In comparison with uniform lattices, numerical invariants for represen- 
tations of nonuniform lattices have been rarely defined. The main reason 
for this is that the fundamental class of open manifolds vanishes in the top 
dimensional singular homology. Recently, Burger, Iozzi and Wienhard [8] 
define the Toledo invariant for representations of a compact surface with 
boundary by using its relative fundamental class. Then, they show that this 
Toledo invariant exactly detects hyperbolic structures on the surface. 

The aim of this paper is to introduce a new invariant for representations 
of arbitrary lattices r in G which detects discrete, faithful representations in 
the representation variety Hom(r, G). One advantage of the new invariant 
is that it provides a tool for studying the representation varieties of nonuni- 
form lattices in semisimple Lie groups. In addition, we explore the relation 
between the new invariant and v(p). Then, we give a proof of Conjecture 
1.1. 

Let r be a lattice in G. Every representation p: V — > G induces canon- 
ical pullback maps p b : H' b (G,M) — > H'(T,M.) in continuous bounded co- 
homology. Let c: H' b (G,M) — > H'(G,R) be the comparison map induced 
from the inclusion of the continuous bounded cochain complex of G into 
the continuous cochain complex of G. The Van Est isomorphism gives an 
isomorphism H™(G,M) = R • lj, where ui is the G-invariant volume form on 
the associated symmetric space X. Then, we define a new invariant Vol(p) 
by 

Vol (p) = mf{\(p* b (uj b ),a)\ \ c(uj b ) = u and a G [Af]g p } 5 

where [M]^ is the set of all ^-homology classes in (M, R) that are rep- 
resented by at least one locally finite fundamental cycle with finite Lipschitz 
constant. Note that p b {uJb) is regarded as a bounded cohomology class in 
H b (M,M) by the canonical isomorphism between H b (T,M) and H b (M,M). 
Thus, pl((jJb) can be evaluated on ^-homology classes in H^(M,M) and 
hence, the definition of Vol(p) makes sense. For more details on the defini- 
tion and properties of the volume invariant Vol(p), see Section 3. 

An essential ingredient in defining the volume invariant Vol(p) is the geo- 
metric simplicial volume of M, introduced by Gromov [18]. Indeed, Gromov 



VOLUME INVARIANT AND MAXIMAL REPRESENTATION 



3 



defined two kinds of simplicial volumes for open Riemannian manifolds. One 
is denned as the £ 1 -seminorm of the locally finite fundamental class of M. 
This is a topological invariant. The other is defined by the infimum over 
all ^ 1 -norms of locally finite fundamental cycles of M with finite Lipschitz 
constant. The latter is called the geometric simplicial volume of M because 
the Riemannian structure on M is involved in its definition. Note that this 
is not a topological invariant anymore. 

One can notice that the volume invariant Vol(p) can be defined via lo- 
cally finite fundamental cycles of M instead of locally finite fundamental 
cycles with finite Lipschitz constant. However, it turns out that if the vol- 
ume invariant Vol(p) is defined via locally finite fundamental cycles, then 
this invariant does not always detect discrete, faithful representations. For 
further discussion of this, see Section 3.1. 

Theorem 1.2. Let T be an irreducible lattice in a connected semisimple Lie 
group G with trivial center and no compact factors. Let p: T — > G be a 
representation. Then, the volume invariant Vol(p) satisfies an inequality 

Vol(p) < Vol(M), 

where X is the associated symmetric space and M = T\X . Moreover, equal- 
ity holds if and only if p is a discrete, faithful representation. 

Theorem 1.2 implies that the volume invariant Vol(p) exactly character- 
izes discrete, faithful representations in the representation variety Hom(T, G). 
In particular, when T is a uniform lattice, we verify that 

(1.2) Vol(p) = Kp)|. 

From the view of Equation (1.2), the volume invariant Vol(p) can be re- 
garded as an invariant for representations of arbitrary lattices extending 
the volume invariant v(p) only for representations of uniform lattices. Note 
that Theorem 1.2 covers the remaining cases SU(ra,l),Sp(n,l),F7 20 that 
Goldman's proof in [17] did not cover. In fact, one can easily notice that 
Conjecture 1.1 is able to be proved by using the Besson-Courtois-Gallot 
technique in [2]. 

In a similar way, we define a volume invariant Vol(p) for representa- 
tions p: T — > SO(m, 1) of lattices T in SO(n, 1). A representation p: V — > 
SO(m, 1) is said to be a totally geodesic representation if there is a totally 
geodesic BP C M m so that the image of the representation lies in the sub- 
group G C SO(m, 1) that preserves this HP and that the /O-equivariant map 
F : HP — > HP is a totally geodesic isometric embedding. Then, we show 
that this volume invariant characterizes totally geodesic representations. 

Theorem 1.3. Let T be a lattice in SO(n, 1) and M = r\EP. The volume 
invariant Vol(p) of a representation p: T — > SO(m, 1) for m > n > 3 
satisfies an inequality 

Vol(p) < Vol(M). 

Moreover, equality holds if and only if p is a totally geodesic representation. 
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Finally using bounded cohomology theory and volume invariant, we can 
formulate the local rigidity phenomena of complex hyperbolic uniform lat- 
tices. Specially we prove that 

Theorem 1.4. Let T C SU(n, 1) be a uniform lattice and p :T — > SU(m, 1), 
m > n > 2 a representation. Then it is a maximal volume representation if 
and only if it is a totally geodesic representation. For the natural inclusion 
T C SU(n, 1) C SU(m, 1) C Sp(m, 1), it is locally rigid, in the sense that the 
nearby representations stabilize a copy ofW^ inside H^ . 

This paper is organized as follows: We review the simplicial volume, i 1 - 
homology and continuous (bounded) cohomology in order to define the new 
invariant Vol(p) in Section 2. We describe the basic properties of the volume 
invariant Vol(p) in Section 3. Then, we devote ourselves to proving Theorem 
1.2 for the case that G is a semisimple Lie group of higher rank in Section 4, 
G is a simple Lie group of rank 1 except for SO(2, 1) in Section 5 and G is 
SO(2, 1) in Section 6. We deal with a volume invariant for representations 
p: r — > SO(m, 1) of lattices T in SO(n, 1) in Section 7. Lastly, we reformu- 
late the rigidity phenomenon of uniform lattices of SU(n, 1) in SU(m, 1) or 
Sp(m, 1) via the volume invariant in Section 8. 



2.1. Simplicial volume. Let M be an ra-dimensional manifold. The sim- 
plicial (}— norm j| • j|i on the singular chain complex C m (M, R) is defined by 
the ^ 1 -norm with respect to the basis given by all singular simplices. The 
simplicial ^— norm induces a ^-seminoma on H,(M, M) as follows: 



where c runs over all singular cycles representing a £ H 9 (M,M). 

For an oriented, connected, closed n-manifold M, the simplicial volume 
||M|| of M is defined as the -^-seminoma of the fundamental class [M] in 
H n (M,M). If M is an oriented, connected, open n-manifold, then M has 
a fundamental class [M] in the locally finite homology H^(M, M). The 
locally finite homology of M is defined as the homology of the locally finite 
chain complex C^(M, M). More precisely, let Sk(M) be the set of singular 
A:-simplices of M and Si {M) denote the set of all locally finite subsets of 
Sf.(M), that is, if A G S*[ f (M), any compact subset of M intersects the image 
of only finitely many elements of A. Then, the locally finite chain complex 



A £ 1 -seminorm on H^(M, M) is induced from the simplicial £ 1 -norm on 
the locally finite chain complex C^(M, M.) with respect to the basis given 



2. Preliminaries 



a||i = inf ||c||i 



C l J(M,R) is defined by 
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by all singular simplices. The simplicial volume ||M|| of M is defined as the 
£ 1 -seminorm of the locally finite fundamental class [M] of M. 

In addition, Gromov introduces the geometric simplicial volume of ori- 
ented, connected, open Riemannian manifolds. Fixing a metric on the stan- 
dard fe-simplex A k by the Euclidean metric, the Lipschitz constant Lip(cr) 
of a singular simplex a: A fc — > M is defined. Subsequently, for a locally 
finite chain c £ C m { (M, M.), define the Lipschitz constant Lip(c) of c by the 
supremum over all Lipschitz constants of the simplices occurring in c. 

The subcomplex Ci f,Lip (M, R) of C m { {M,R) consisting of all chains with 
finite Lipschitz constant induces the homology with Lipschitz locally finite 
support, denoted by H^' Lip (M, M.). Indeed, H, i,Lip (M, M.) is isomorphic to 
H 9 { (M,M) [25, Theorem 3.3]. Hence, it has a distinguished generator [M]li p 
in i^i f ' Lip (M, M) corresponding to the locally finite fundamental class [M] 
in H, (M,R). The geometric simplicial volume of M is defined as the i 1 - 
seminorm of [Mjup, denoted by ||M||Li p - Gromov [18] proves the propor- 
tionality principle for the geometric simplicial volume as follows. 

Theorem 2.1 (Gromov). Let M be a closed Riemannian manifold and N 
be a complete Riemannian manifold of finite volume. If the universal covers 
of M and N are isometric, then 

||M|| Lip = \\N\\ U p 
Vol(M) Vol(iV) ' 

The simplicial volume of a smooth manifold gives a lower bound of its 
minimal volume. Hence, the question was naturally raised as to which man- 
ifolds have nonzero simplicial volumes. Gromov [18] and Thurston [31 1] first 
show that the simplicial volume of complete Riemannian manifolds of finite 
volume with pinched negative sectional curvature is nonzero. Moreover, it 
is shown that closed locally symmetric spaces of noncompact type have pos- 
itive simplicial volumes [23]. In contrast, the simplicial volume of open, 
complete locally symmetric spaces of noncompact type with finite volume 
may vanish. For instance, the simplicial volume of locally symmetric spaces 
of noncompact type with Q-rank at least 3 vanishes [25]. On the other 
hand, it turns out that the simplicial volume of Q-rank 1 locally symmet- 
ric spaces covered by a product of R-rank 1 symmetric spaces is positive 
[21] and moreover, it is equal to their geometric simplicial volume [6] for 
amenable boundary group cases. The Q-rank 2 cases remain open. 

2.2. I 1 — homology. Let M be an oriented, connected n-manifold. The i l - 
chain complex of M is the ^-completion C\ (M, M.) of the normed chain 
complex C 9 (M,M) with respect to the simplicial £ 1 -norm || • Then, the 
^-homology (M, R) of M is defined as the homology of I 1 -chain complex 
of M, 

(Af,R) = ff.(cf (M,R)). 
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The natural inclusion G,(M, R) (M, R) induces a comparison map 

#.(M,R) H e , (M,R). Note that this map is an isometric inclusion be- 
cause C,(M, R) is a dense subcomplex of (M, R) [24, Proposition 2.4]. 

Similarly, inclusions G.(M,R) C G^ f (M, R) n Cf (M, R) C Cf(M,R) 
imply that the middle complex is dense in (M, R). Hence, the induced 
map H.(C l ^(M,R) n Cf (M,R)) -> flf (M,R) is an isometric inclusion. 
From this point of view, the simplicial volume of M can be computed in 
terms of the ^-homology of M as follows: 

||M|| = inf{|H|i | a € [Adf C i?f (M,R)}, 

where [M]^ is the set of all ^-homology classes that are represented by at 
least one locally finite fundamental cycle. 

In a similar way, the geometric simplicial volume of M is computed by 

||M|| Lip = tof{|M|i | a € [Af]g p C H^(M, R)}, 

where [M]£ip is the set of all ^-homology classes that are represented by at 
least one locally finite fundamental cycle with finite Lipschitz constant. We 
refer the reader to [24, Section 6] for more detailed explanations. 

2.3. Continuous bounded cohomology. Let G be a topological group. 
Consider the continuous cocomplex G*(G, R) with the homogeneous cobound- 
ary operator, where 

G c fc (G,R) = {/: G k+l -»■ R | / is continuous}. 

The action of G on C k (G, R) is given by 

(g ■ f)(go, ■ ■ ■ ,9k) = fig^go, ■ ■ ^g^gk)- 

The continuous cohomology H'(G, R) of G with trivial coefficients is defined 
as the cohomology of the G-invariant continuous cocomplex C*(G,R) G '. 
For a cochain / : G k+1 — > R, define its sup norm by 

ll/Hoo = sup{|/( 5o ,...,5fc)l I (go,-.., 9k) eG k+1 }. 

The sup norm turns C'(G, R) into normed real vector spaces. The continu- 
ous bounded cohomology H' b (G, R) of G is defined as the cohomology of the 
subcocomplex C* b (G, R) of G-invariant continuous bounded cochains in 
G'(G, R) G . The inclusion of C* 6 (G, R) G C G'(G, R) G induces a comparison 
map c: H° b (G,M) — > H*(G, R). The sup norm induces seminorms on both 
H'(G,R) and H* b (G,R), denoted by || • H^. Note that for /3 G H k (G,R), 

\\0Woo = inf{||/3 6 ||oc | Pb € H k b (G,R) and c(/3 b ) = (3}. 

For a connected semisimple Lie group G with trivial center and no com- 
pact factors, the continuous cohomology H'(G, R) is isomorphic to the set of 
G-invariant differential forms on the associated symmetric space X accord- 
ing to the Van Est isomorphism. In particular, the continuous cohomology 
of G in the top degree is generated by the G-invariant volume form u on X. 
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Let To be a uniform lattice in G and M = Yq\X. Bucher-Karlsson [5] 
reformulates a proof of Gromov's proportionality principle in the language 
of continuous bounded cohomology and moreover, shows that 

||M|| 1 
Vol(M) ~ IMloo' 

It is easy to see that ||M||Li P = ||M|| because M is closed. Let V be an arbi- 
trary lattice in G and N = T\X. It follows from Gromov's proportionality 
principle that 

, 2 n I Ml Lip = \\M\\ Up _ \\M\\ 1 

[ ' ' Vol(iV) Vol(M) Vol(M) IHloo' 

Note that the proportionality principle fails in general for the ordinary sim- 
plicial volume. 

3. Volume invariant 

In this section, we define a new invariant Vol(p) and explore its properties. 
Throughout the paper, G denotes a connected semisimple Lie group with 
trivial center and no compact factors, and T denotes a lattice in G. As usual, 
X denotes the associated symmetric n-space and M denotes the locally 
symmetric space T\X. The symbol uj denotes the G-invariant volume form 
on X. 

3.1. Volume invariant. Let p: Y — > G be a representation. Then, p in- 
duces canonical pullback map p* : H*(G, R) — s> H'(T, R) in continuous coho- 
mology. This canonical pullback map is realized on the level of cocomplex as 
follows: For a continuous map / : G k+l — > R, define a map p*(f) '■ T k+1 — s> R 
by 

P*(/)(7o, • ■ ■ ,7fc) = f(p(lo), ■ ■ ■ ,p(7fc)), 
for ( 7o , . . . , 7 fc ) G This defines a chain map p* : C*(G, R) ->• C"(T, R). 

Moreover, maps G-invariant cochains to T-invariant cochains and hence, 
it induces a homomorphism p* : H°(G,M) — > H'(T,M) in continuous coho- 
mology. In the same manner, p induces a homomorphism p* h : H'JG, R) — > 
H'(T,M) in continuous bounded cohomology. 

For a connected semisimple Lie group G with trivial center and no com- 
pact factors, it is well known that the G-invariant volume form uj G H™(G, R) 
is bounded. In other words, there exists a continuous bounded cohomol- 
ogy class cut, G H™ b (G, R) such that c{uji) = uj for the comparison map 
c: iJ" 6 (G,R) — > Hc(G,M). By pulling back ujf, by p, we obtain a bounded 
cohomology class p£(w&) G H b {T, R). Subsequently, we identify the bounded 
cohomology class p b {uJb) in -£^(r,R) with a bounded cohomology class in 
H b (M, R) via the canonical isomorphism between i?*(r,R) and H'(M,R) 
[18]. Then, the bounded cohomology class pl(oJb) can be evaluated on £ x - 
homology classes in ff^ 1 (M, R) by the Kronecker products 

(•,•): H* (M, R) <g> ilf 1 (M, R) -)• R. 
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Now, we define a volume invariant Vol(p) of p by 

Vol(p) = M{\(p* b (oj b ),a}\ | c(io b ) = lo and a G [M]£ ip }. 

It is easy to see that the volume invariant Vol(p) is finite since oj is 
bounded and the geometric simplicial volume of M is strictly positive. Fur- 
thermore, a upper bound on the volume invariant Vol(p) can be obtained 
from its definition immediately as follows. 

Proposition 3.1. Let p: T — > G be a representation. Then, the volume 
invariant Vol(p) of p satisfies an inequality 

Vol(p) < Vol(M). 
Proof. For a continuous cohomology class (3 G H™(G, K), 

11/31100= inffllftlloo I c(p b ) = p}, 
where c: H™ b (G,M) — > H™(G,M.) is the comparison map. From the defini- 
tion of the volume invariant Yol(p), we have 

Vol(p) = w£{\(pt(u b ),a}\ | c(uj b ) = ui and a G [M]f ip } 

< in^Hp^w^Hoo • || ck || i | c(io b ) = uj and a G [M]f ip } 

< inffHwfilloo | c(uj b ) = uj} ■ inf{||a||i | a G [M]£ ip } 

= IMloo ' ||M||Lip 

= Vol(M). 

The last equation comes from Equation (2.1). □ 

Remark 3.2. If we define the volume invariant Vol(p) via [M] el instead of 
[Mj^jp, we obtain the following inequality in a similar way as above 

Vol(p) < HI*, • ||M||. 

If r is a lattice of Q-rank at least 3, it is known that ||M|| = [25]. This 
implies that Vol(p) = for all representations p: T — > G. Then, this volume 
invariant cannot detect discrete, faithful representations. This is the reason 
why we use the notion of the geometric simplicial volume of M to define the 
volume invariant Vo\(p) instead of the ordinary simplicial volume of M. 

3.2. Volume invariant and p equivariant map. Goldman [17] defined 
the volume invariant v(p) by using a section s: M — > E p . Indeed, a sec- 
tion s: M —¥ E p corresponds to a p-equivariant map s: X — > X. In a 
similar way, the volume invariant Vol(p) can be reformulated in terms of p— 
equivariant map. In this section, we devote ourselves to explaining this and 
verifying Vol(p) = \v{p)\ for representations p: T — >• G of uniform lattices 

r. 

First, we describe another useful cocomplexes for both continuous and 
continuous bounded cohomology of G. For a nonnegative integer k, define 

C*(X,R) = {/: X k+1 -> R | / is continuous}. 
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Consider the sup norm || • Wqq on C^(X,R) denned by 

H/lloo = sup{|/(x 0) . . . ,x k )\ | (x ,.. .,x k )e X k+1 }. 

Let C^ b (X, R) be the subspace consisting of continuous bounded fc-cochains. 
Then, C'(X, R) with the homogeneous coboundary operator becomes a 
cochain complex. Moreover, the homogeneous coboundary operator on 
C*(X,R) restricts to C' b (X,R). The G-action on C'(X,R) is defined anal- 
ogously to the one on G*(G, R). 

It is a standard fact that the continuous cohomology H*(G, R) of G is iso- 
metrically isomorphic to the cohomology of the cocomplex C'(X, R) G . For a 
proof, see [19, Chapter 3]. The continuous bounded cohomology H' b (G,R) 
of G is isometrically isomorphic to the cohomology of the subcocomplex 
Cl b {X,R) G of C'(X,R) G . The comparison map c: F' b (G,R) ->• H'(G,R) 
is induced by the natural inclusion C' b (X, R) G C C'(X, R) G . Furthermore, 
both H m (T, R) and H*(T,R) are isometrically isomorphic to the cohomolo- 
gies of cocomplexes C'(X, R) r and C' b (X, R) r respectively. See [27, Corol- 
lary 7.4.10] for a detailed proof. 

We describe here an explicit map on the level of cocomplex which induces 
an isometric isomorphism between H'(C'(X, R) G ) and H'(G, R). Let us 
fix a base point o € X. Define a map <fi : C^(X,R) — > C^(G,R) by 

4>o(f)(go, ...,gk) = f(go ■ o, . . . ,g k ■ o). 

The map 4> is a G-morphism between two cocomplexes and restricts to 
the subcocomplexes of continuous bounded cochains. Then, induces an 
isometric isomorphism (f> G : H'(C°(X, R) G ) — > H°(G,R) in continuous co- 
homology. Note that 4> G is independent of the choice of the base point o £ X 
even though (f> depends ono£l, Hence, we denote the induced map in con- 
tinuous cohomology by <fi G without the subscript "o" . In a similar way, the 
map (p induces isometric isomorphisms, (p G : H'(C' b (X, R) G ) — > H' b (G, R) 
and 4>l- ff"(G' 6 (X,R) r ) flJ(T,M). 

Let s : X — > X be a p-equivariant continuous map for a representation 
p: r ->• G. Then, s induces a map s* : C*(X,R) G c fc (X,R) defined by 

s*(/)(^o, • • ■ ,x k ) = f(s(x ),...,s(x k )), 

for a cochain / in C k (X, R) . Due to the p-equivariance and continuity 
of s: X — >■ X, it follows that s* maps G-invariant continuous (bounded) 
cochains to T-invariant continuous (bounded) cochains. Hence, s* induces 
homomorphisms s* : H'(C'(X, R) G ) — > H'(C'(X, R) r ) in continuous coho- 
mology and s* b : H'(C' ib (X, R) G ) H'(C' b (X, R) r ) in continuous bounded 



10 



SUNGWOON KIM AND INKANG KIM 



cohomology. Now, consider the following diagram: 

C'(X,R) G C'{G,R) G 

i i 

Cl b (X,Rf t^d b (G,R) G 

p* 

G' 6 (X, Rf C' b (T, M) r . 

In this diagram, it is clear that the upper diagram commutes. On the 
other hand, the lower diagram does not commute. However, one can notice 
that it commutes in cohomology as follows. Let / G C^ b (X, R) G be a G- 

invariant continuous bounded cocycle. Define b G C^ _1 (r,]R) by 

fe-i 

6(70, . . . , 7fc_i) = ^(-l)7(p(7o)-o, . . . , p(ji)-o, p(ji)-s(o), . . . , p(7 fc _i)-s(o)). 
i=0 

Then, b is a T-invariant bounded cochain since / is a G-invariant continuous 
bounded cocycle. Also, it is a straightforward computation that 

(p* o(f> -(f) o s*)(/)(7o, . . . ,7fc) = (56(7o, .. • ,7fc)- 

This implies that the lower diagram commutes in the cohomology level and 
hence, we have the following commutative diagram: 

H'(C'(X, R) G ) ^ ^H'(G,R) 

c c 

H'(Cl b (X,Rf) f-^^- 6 (G,R) 

H'(CZ b (X, R) r ) f— * flj(r, M) 

Each cohomology class in H*(G,R), H' b (G,R) and fl£(I\R) is canoni- 
cally identified with a cohomology class in H'(C'(X, R) G ), H'{C m c b {X, R) G ) 
and H'(C' b (X, R) r ) via the isomorphisms induced by <p a respectively. 

Let LOb be a continuous bounded cohomology class in H" b (G, R) represent- 
ing the G-invariant volume form oj G i?™(G, R). We use the same notations 
uj and uj b for the cohomology class in H'(C'(X, R) G ) and H'(C* b (X, R) G ) 

identified with co G H™(G,R) and u b G H™ b (G,R) via 0^ and <j> G , respec- 
tively. 

Noting that the cohomologies H'(C' b {X, R) r ) and H£(T,R) are canom- 
cally identified with the bounded cohomology H'(M,R), one can conclude 
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that s^(wb) = p b {u b ) in H£(M,R) via the canonical isomorphisms. Hence, 

K(w 6 ) G HZ(M,R) | cK) = = {p£(u; 6 ) G H b (M,R) \ c{u b ) = to}. 

Therefore, the volume invariant Vol(p) can be reformulated in terms of 
p-equi variant map as follows: 

Vol(p) = mf{\(s* h (oj b ),a)\ \ c(co b ) = ui and a G [Af]£ p }. 

Note that the above reformulation of the volume invariant Vol(p) is inde- 
pendent of the choice of p-equivariant map s : X — » X as observed. 

To define the volume invariant v (p), Goldman [17] uses a smooth section 
of the associated bundle. The reformulation of the volume invariant Vol(p) in 
terms of p-equivariant map makes it possible to verify the relation between 
two invariants v{p) and Vol(p). 

Lemma 3.3. Let T be a uniform lattice in G and p: r — > G be a represen- 
tation. Then, 

Vol(p) = Kp)|= / s*uj 
Jm 

where s: M — > E p is a smooth section of the associated bundle E p . 

Proof. A section s: M — > E p corresponds to a p-equivariant map X — > X, 
denoted by s: X — > X. Since M = T\X is a closed manifold, the set [M]^ 
contains exactly one element, namely, the class i*[M], where [M] is the 
fundamental class of M, and i* : H n (M, R) H* (M, R) is the map induced 
by the inclusion C,(M, R) C Cf 1 (M, R). Hence, the volume invariant Vol(p) 
is computed by 

Vol(p) = inf{|(4(w&),a)| | c{uj b ) = uj and a G [M]£ p } 
= inf{|(s6(w6),i*[M])| | c(u b ) = uj}. 



Considering the following commutative diagram, 
m b (G,R) C -^H?(G,1 



H n (r,: 



we have c(sl(uj b )) = s*(c(uj b )) = s* c uj. Note that s* c u is represented by a 
T-invariant cocycle s*f where /: X n+1 — > R is the G-invariant cocycle 
representing lu, which is defined by 



f(x ,...,x n ) = I UJ. 

'[x ,—,x„] 

Also, one can consider another T-invariant cocycle h : X 



n+l 



defined 



by 



h(x ,...,x n ) = I 

'[xo,—,x n ] 
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Here, s*u is the pull-back of the G-invariant volume form wbys: X — > X. 
It is easy to see that h also represents the continuous cohomology class s*u 
because the geodesic straightening map is chain nomotopic to the identity. 

Let c be a fundamental cycle representing [M]. Since h represents the 
cohomology class s* c uj in H n (T,R) = H n (M,R), we have 

(s 6 *K),i*[M]) = (s* c u, [M]) = (h,c) = [ 3*01 

for any Lo b G c _1 (cj). The last equation follows from the de Rham theorem. 
This completes the proof. □ 

Goldman proves that v (p) exactly characterizes discrete, faithful repre- 
sentations of r into G for the case that G is either a connected semisimple 
Lie group of higher rank or SO(n, 1). This implies that Vol(/9) does so by 
Lemma 3.3. 

4. Semisimple Lie groups of higher rank 

In this section, we prove Theorem 1.2 for the case that G is a semisimple 
Lie group of higher rank. Recall the restriction maps 

res c : H'(G,R) -> H'(T,R) and res b : fl£ 6 (G,R) -> H*(T,R), 

induced from the inclusions C'(X,R) G C C'(X,R) r and C' fi (X,R) G C 
C' b {X,R) r respectively. Note that rest, is an isometric embedding because 
r is a lattice in G. We first observe that 

(res b {uj b ),a) = Vol(M) 

for all uj b € c~ 1 {uj) and all a G [-^llip- ^° verify this, we need to prove 
the existence of the geodesic straightening map on the locally finite chain 
complex with finite Lipschitz constant. 

The geodesic straightening map on the singular chain complex of a non- 
positively curved manifold is introduced by Thurston [30, Section 6.1]. Let 
X be a simply connected, complete Riemannian manifold with nonpositive 
sectional curvature. A geodesic simplex is defined inductively as follows: 
Let xq, ■ ■ ■ ,Xk G X. First, the geodesic 0-simplex [xo] is the point xo € X 
and the geodesic 1-simplex [20,2:1] is the unique geodesic from x\ to xq. 
In general, the geodesic fc-simplex [xo, . . . ,Xk] is the geodesic cone over 
[xq, . . . , Xk-i] with the top point Xk- 

Let M be a connected, complete Riemannian manifold with nonpositive 
sectional curvature. Then, the geodesic straightening map str: C,(M,R) — > 
C.(M,R) is defined by 

str(a) = ir M ° [cr(eo), • • • ,cr(ejfc)], 

for a singular k -simplex a: A k — >• M where ttm'- M — > M is the universal 
covering map, eo, • • • , &k are the vertices of the standard fe-simplex A k , and 
a is a lift of a to the universal cover M. 
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Proposition 4.1. Let M be a connected, complete, locally symmetric space 
of noncompact type. Then, geodesic straightening map is well-defined on 
C. ' Lip (M, M) and moreover, it is chain homotopic to the identity. 

Proof. Let A £ S\. ,1,ip (M) for a nonnegative integer k. This means that any 
compact subset of M intersects the image of only finitely many elements of 
A and there exists a constant Ca > such that Lip(cr) < Ca for all a £ A. 

Let str: C,(M, M) — >■ C,(M, M) denote the geodesic straightening map. 
Define str (A) by 

sir(A) = {str(a) \ a £ A}. 

To show that geodesic straightening map is well defined on C l J' Up (M, K), it 
is sufficient to show that str (A) E S 1 , ' Llp (M). 

We first claim that sir(A) has finite Lipschitz constant. Let Diam(cr) 
denote the diameter of <r(A fc ) for a singular simplex a: A k —> M. For all 
a £ A, 

Diam(cr) < C A ■ Diam(A fc ) 

since a: A k — >■ M has Lipschitz constant Ca- Hence, each a £ A is con- 
tained in a closed ball of diameter Da = CA-Diam(A fc ) in M. Because every 
closed ball in X is geodesically convex, both a and str (a) are contained in 
the same closed ball of diameter Da for every a £ A. This implies that 
Diam(sir(cr)) < Da for all a £ A. 

For every D > and k £ N, there is L > such that every geodesic k- 
simplex r of diameter less than D satisfies ||T x r|| < L for every x £ A k [25, 
Proposition 2.4]. Hence, there exists La > such that Lip(str(cr)) < La for 
all a £ A, that is, sir (.A) has finite Lipschitz constant La- 

Next, to verify that str (A) has locally finite support, we need to show 
that every compact subset of M intersects the image of only finitely many 
elements of str(A). Let K be a compact subset of M and Md a {K) be 
the Da -neighborhood of K. Suppose Md a (K) H a = for some a £ A. 
As observed above, both a and str{o~) are contained in a closed ball B a of 
diameter Da- It is obvious that B a C\ (M— Md a (K)) ^ because of a C 
Then, B a can never touch K, which implies str (a) fl K = 0. Thus, -RT can 
intersect the image of str (a) only for a £ A with Nd a {K) H cr 7^ 0. There 
exist finitely many such elements of A since A/i) A (if) is the compact subset 
of M, and A has locally finite support. Finally, we can conclude that str(A) 
is a locally finite subset of Sk(M) with finite Lipschitz constant, that is, 
str (A) £ 4 f ' Lip (M). 

From the above observation, we have a well-defined map 

str lf : Ci f ' Lip (M,R) -> Ci f ' Lip (M, M) 

extending the geodesic straightening map sir: C,(M, R) — >■ C,(M, K). It is 
obvious that sir lf is a chain map. 
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Now, to construct a chain homotopy from str to the identity, recall the 
chain homotopy H, : C«(M, R) — > C.+i (M, R) from the geodesic straight- 
ening map str to the identity. Let G a : A k x [0, 1] — > M be the canonical 
straight line homotopy from a to str (a) for a singular /c-simplex <t in M. Let 
{eo, . . . , efc} denote the set of vertices in A k for each k. The chain homotopy 
H k : C k (M,R) -> C fc+ i(M,R) is defined by 

fe 

F fc (a) = ^(-l) i G (J o7 ?i) 

i=0 

where r/j : A fc+1 — > A k x [0, 1] is the affine map that maps eo, ■ ■ ■ , &k+i to 
(e ,0),. . . , (e;,0), (e h l),.. . , (e fc , 1) for i = 0, . . . , k. 

Let c = EaeA^CT be a fc-chain in <^ f ' Lip (M,R) for A G £j! f ' Lip (M). 
Then, as we observed previously, Lip(a) < Ca and Lip(str(o")) < La for 
all er € A. Moreover, the canonical line homotopy G a from a to str(a) has 
finite Lipschitz constant that depends only on Ca, La by [25, Proposition 
2.1]. Noting that the Lipschitz constant of r]i is also uniformly bounded from 
above for all i = 0, . . . , k, it follows that the Lipschitz constant of Hk(cr) is 
uniformly bounded from above by a constant depending only on Ca, La for 
all a € A. This means that the Lipschitz constant Lip(//fc(c)) of Hk(c) is 
finite. 

To see that -fffc(c) has locally finite support, note that if a is contained 
in a closed ball, then the images of both str {a) and Hi t (a) are contained in 
the same closed ball because every closed ball in X is geodesically convex. 
As in the proof that str(A) has locally finite support, any compact subset 
K of M can intersect the image of singular {k + l)-simplices occurring in 
-fffc(cr) only for a £ A with Md a (K) fl a ^ 0. The set of such elements of 
A are finite due to A € S, ' * P (M). Moreover, since H^{a) is a finite sum of 
{k + l)-simplices, K intersects the image of finitely many (k + l)-simplices 
occurring in Hj,{c). This implies that Hk{c) has locally finite support. Now, 
we have a well-defined map, 

H x. c4f,LiP( M)R ) -> C^ P (M,1). 

Since : C l . l ' Up (M,R) -> C^ P (M,R) is the map extending the chain 
homotopy H, : C,(M, R) — >■ C,+i(M, R) between the geodesic straightening 
map str and the identity, it clearly satisfies 

doH^ + H 1 ^! od = str li - id. 

Hence, is a chain homotopy from str to the identity. Therefore, we can 
conclude that str li : Ci f,Lip (M,R) -4 Ci f ' Lip (M,M) is a chain homotopic to 
the identity. □ 

The existence of the geodesic straightening map on C\ ' Lip (M, R) allows us 
to get a straight cycle from an arbitrary cycle without changing its homology 
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class. By using the straightening map str lf : C, ' ip (M, R) — > C, ' ip (M, R), 
we can prove the following Lemma. 

Lemma 4.2. Let G be a connected semisimple Lie group with trivial center 
and no compact factors. Let T be a lattice in G. Then, 

(res b {u b ),a) =Vol(M) 
for all oj b G c~ l (uj) and all a G [^Lip- 

Proof. On the continuous cochain complex C*(X, R), the G-invariant vol- 
ume form ui is represented by a cocycle / : X n+1 — > R defined by 

f(x ,...,x n ) = u. 

J[x ,...,x n ] 

Let f b : X n+l — )• R be a cocycle representing w;, G c (u;). Both / and f b 
represent the same cohomology class uj in the continuous cohomology of G. 
Hence, there exists a G-invariant continuous cochain b in C™~ l (X, R) G such 
that 

fb = f + Sb. 

Let c = X^£i a i a i De a locally finite fundamental ^ 1 -cycle with finite 
Lipschitz constant representing a. Due to Proposition 4.1, sir lf (c) is also a 
locally finite fundamental ^ 1 -cycle with finite Lipschitz constant and repre- 
sents a. By [25, Proposition 4.4], we have 

(f,str li (c)) = Vol(M). 

Now, we claim that (Sb, str (c)} = 0. Let cr| denote the j-th. face of <r for 
j = 0, . . . ,n. Then, dcr; = ^!* =0 (-l) j m °\ and 

oo n 

(4.1) (56, S tr lf (c)} = J2 EC-l^oi • str ^'))- 

i=i i=o 

Since the Lipschitz constant of sir lf (c) is finite, there exists R > such 
that each <7j is contained in a closed ball with radius R for all i G N. Fix a 
closed ball B with radius R'm. X. Then, there exists gi G G for each cij such 
that gi -str(ai) C B since G acts transitively on X. Due to the G-invariance 
of b, we have (b,str(a\)) = (b,gi ■ str(aj)) for all i G N and j = 0, . . . ,n. 
This implies that 

(b,str(aj)} = b(x , . . . ,z„_i) 
for some (xq, . . . ,x n -\) G B n . Since b is continuous and B is the compact 
subset of X, there exists a upper bound C > on (6, str(o\)) for all i G N 
and j = 0, . . . , n. Furthermore, c is a ^ 1 -cycle and hence, 

oo n oo 
i=l j=0 i=l 

In other words, the series in Equation (4.1) absolutely converges. Thus, 
all rearrangements of the series in Equation (4.1) converge to the same 
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value. From the cycle condition of str li (c), there exists a permutation r of 
N x {0, . . . , n} such that 

oo n 

^^(-irWa T(i) .*(4J) = 0, 

i=l j=0 

Under this permutation r, we can conclude that (5b, str li (c)) = 0. Finally, 
we have 

(res b (uj b ),a) = (f + 5b, str li '(c)) 

= </,^r lf (c)} + (<», S ir lf ( C )) 
= Vol(M) 

The second equation is available since all series in the equation absolutely 
converge. □ 

Definition 4.3. A representation p: T — > G is maximal if 

Vol(p) = Vol(M). 

For reader's convenience, we recall Margulis's normal subgroup theorem 
[26]. 

Theorem 4.4. Let G be a connected semisimple Lie group with finite center 
with M-rank > 2, and let T C G be an irreducible lattice. If N C T is a 
normal subgroup of V, then either N lies in the center of G or the quotient 
T/N is finite. 

Theorem 4.5. Let G be a connected semisimple Lie group of higher rank 
with trivial center and no compact factors. Let T be an irreducible lattice 
in G. Then, a representation p: V — > G is maximal if and only if p is a 
discrete, faithful representation. 

Proof. First, suppose that p is discrete and faithful. Margulis Superrigidity 
Theorem implies that p extends to an automorphism p: G — > G. Then, 
a representation p: T — > G is written as a composition p = p o % where 
i: r — > G is the natural inclusion of T into G. The canonical pullback map 
pi : H' b (G,M) H*(T,M) in continuous bounded cohomology is realized 
as a composition pi = res b o pi, 

H- c>b (G,R)^H' Cib (G,R)^H'(T,R). 

Since p is an automorphism of G, it induces an automorphism of the 
continuous (bounded) cohomology of G. In particular, it is easy to see that 
P* c (oj) = ±w in Hc(G,M.). Considering the commutative diagram 

H% b (G, R) c - R) 

Pt P'c 

H£ b (G, R) H?(G, R) 
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the automorphism p* b : H™ b (G,R) -> H™ b (G,R) permutes the set of c 
up to sign. Hence, 

Vol(p) = M{\(pl(cj b ),a}\ | c(uj b ) = ui and a G [M]f ip } 

= inf{\{res b (p b (u b )),a)\ | c(u b ) = u and a G [M]£ ip } 

= inf {\(res b (ui b ),a)\ \ c(oj b ) = uj and a G [M][ ip }. 

According to Lemma 4.2, (res b (io b ),a) = Vol (A/) for all cj& G c~ 1 {uj) and 
all a G [Af]f ip . Therefore, Vol(p) = Vol(Af). 

Conversely, suppose that p: r — > G is not a discrete, faithful representa- 
tion. If p has nontrivial kernel, then p(T) is a finite group by the Margulis's 
normal subgroup theorem. If p is a nondiscrete, faithful representation, then 
p(r) is precompact by the Margulis superrigidity theorem. In either case, 
p(r) is an amenable subgroup of G. Regarding p as a composition p = i o p, 

r — ^ p(r) — g 

one can realize pi : H' b (G,R) — > H'(T,R) as a composition pi o res^, 

^(G,R)^i^wr),R)Aff'(r,R). 

The continuous bounded cohomology iyV(p(r),M) is trivial because p(T) is 
amenable. This implies that p b (oJ b ) = p b (res b (u) b )) = for all u) b G c _1 (o;). 
Hence, Vol(p) = 0. This completes the proof of this theorem. □ 

5. Simplie Lie groups of rank 1 

In this section, we give a proof of Theorem 1.2 for the case that G is a 
simple Lie group of rank 1 except for SO(2, 1). The Besson-Courtois-Gallot 
technique is a central ingredient here. 

Definition 5.1. Let F: X — > Y be a smooth map between Riemannian 
manifolds X and Y. The p-Jacobian J&c p F of F is defined by 

JaCpF(x) = sup \\d x F(ui) A • • • A d x F(u p )\\, 

where {u\, . . . , u p } varies on the set of orthonormal p-frames at x G X. 

Let X and Y be complete, simply connected, Riemannian manifolds. Sup- 
pose that the sectional curvature Ky on Y satisfies Ky < — 1. Let T and T' 
be discrete subgroups of Isom(X) and Isom(Y) respectively. For any repre- 
sentation p: r — > r' = p(r), Besson, Courtois and Gallot show that for all 
e > 0, p > 3, there exists a p-equivariant map F e : X —¥ Y such that 

Jac p F e (x) < fiSl(l + c ) 

Vp- l 

for all x G X where 5(r) is the critical exponent of T. Furthermore, they 
show that if X has strictly negative sectional curvature, T and V are convex 
cocompact and p is injective, then there exists the natural map F: X — » Y 
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in [2, Theorem 1.10]. Note that one can make use of Besson-Courtois- 
Gallot's method if there exists a p-equivariant measurable map from the 
visual boundary dX of X to dY for a representation p : V — > Isom(Y). 

Proposition 5.2. Let G and H be connected simple Lie groups of rank 1 
with trivial center and no compact factors. Let X and Y be the symmetric 
spaces associated with G and H respectively. Assume that the symmetric 
metrics on X and Y are normalized so that their curvatures lie between —4 
and —1. Let F be a lattice in G and p: T — > H be a representation whose 
image is nonelementary. Then, there exists a map F: X Y such that 

(1) F is smooth. 

(2) F is p-equivariant. 

(3) For all k>3, J&c k F(x) < (S(T)/(k - l)) k . 

(4) If dim(X) > dim(y) > 3, then Jac n F(x) < (5(T)/(n+d-2)) n where 
d is the real dimension of the field or the ring under consideration 
for G. Moreover, equality holds for some x € X if and only if D X F 
is a homothety from T X X to Tp^ x yY . 

Proof. By the assumption of the sectional curvatures on X and Y, the as- 
sociated symmetric spaces X and Y are CAT(— l)-spaces. Since any lattice 
in G is a discrete divergence subgroup of G, it follows from [7, Theorem 0.2] 
that there exists the unique /9-equivariant measurable map cp: dX — > dY 
and it takes almost all its values in the limit set of p(T). 

Let {v x }xex denote the family of Patterson-Sullivan measures on dX for 
r. Let p x be the pushforward of v x by 92, that is, p x = <p*v x . It can be 
easily seen that {^J^gx is p-equivariant and moreover, the measures p x 
and p y are in the same measure class for all x, y G X. 

We claim that the barycenter of p x is well defined for all x 6 X. Recall 
that if p x is not concentrated on two points, then the barycenter of p x is 
well defined. Assume that p x is concentrated on two points. Let p be one of 
them. Then, p x must have positive weights on each p(T)-orbit of p because 
p x and p lx = p{^i)*p x are in the same measure class for all 7 € Y. However, 
the set of /9(T)-orbits of p contains more than two points because p(T) is 
nonelementary. This contradicts the assumption that p x is concentrated on 
only two points. Therefore, the claim holds. 

As Besson, Courtois and Gallot construct the natural map in [2], define 
a map F : X — > Y by the composition bar o o p of maps 

X M+(dX) M + {dY) Y 

where M + (dX) denotes the set of positive Borel measures on dX. Then, 
this map F is a p-equivariant. Furthermore, the properties (1) ~ (4) of 
the natural map F: X —¥ Y can be proved by the same argument as in [2, 
Section 2]. □ 

The map F : X — > Y as above is called the natural map for a representa- 
tion p: r — s> H. 
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Theorem 5.3. Let G be a connected simple Lie group of rank 1 with trivial 
center and no compact factors, except for SO(2, 1). Let T be a lattice in G. 
Then, a representation p: T — > G is maximal if and only if p is a discrete, 
faithful representation. 

Proof. Suppose that p: T — > G is a discrete, faithful representation. Let X 
be the associated symmetric space of dimension n and M = T\X. Then, 
p extends to an automorphism p: G — > G due to the Mostow's rigidity 
theorem. In a similar argument as in the proof of Theorem 4.5, we have 
Vol(p) = Vol(M). 

Conversely, we now suppose that Vol(p) = Vol(M). If p(T) is elementary, 
then pl{<jJb) — for all w& € c~ l {ui) and thus, Vol(p) = 0. Hence, we can 
assume that p(T) is nonelementary. Assume that the sectional curvature on 
X lies between —4 and —1. Then, there exists the natural map F: X — > X 
according to Proposition 5.2. Because of the critical exponent 5(T) = n + 
d — 2 for any lattice r in G where d is the real dimension of the field or the 
ring under consideration for G, we have 

Jac n F(x) < 1. 

Define a continuous function /: X n+1 — > R by 

f(x ,...,x n ) = I u. 

J [xo,...,x„] 

It can be easily seen that / : X n+l — >• ]R is a G-invariant continuous bounded 
cocycle representing the G-invariant volume form ui € H™(G,M) on X. 
Hence, / determines a continuous bounded cohomology class oj^ € c~ 1 (uj). 
Recall that the T-invariant bounded cocycle F*f: X n+l — > M is defined by 

F*f(x , ...,x n ) = f(F(x ), . . . , F{x n )) = [ uj. 

J[F(x ),...,F(x n )] 

Considering the pullback F*ui of the G-invariant volume form ui on X by 
the natural map F, one can define another T-invariant continuous bounded 
cocycle h: X n+1 ->■ R by 

h{x Q , ...,x n )= / F*oj. 

J[xo,...,x n ] 

The change of variables formula implies 

h(x , ...,x n )= / F*uj = I oj. 

J[xo,...,x„] J F([xo,--;X n ]) 

It is clear that [F(xq), . . . , F(x n )] = str(F(jx , . . . , x n ])). From the canon- 
ical straight line homotopy H, : C, (X, R) — >• C.+i (X, R) between the geo- 
desic straightening map and the identity, we have 

[F(x Q ), F(x n )] - F([x , x n ]) = {doH n + H n ^ o d)(F([x , x n })). 
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It is a straightforward computation that h — F*f = 5rj where 
77 (xo, • • • ,%n-i) = w- 



H n -ioF([xo,..;Xn-i\) 



Lemma 5.4. If G is not SO(3, 1), r/ is a T -invariant continuous bounded 
cochain, which implies that h and F*f represent the same bounded cohomol- 
ogy class F*(u b ) in flJ»(T,R). 

Proof. In the case that G is not SO (3, 1), the associated symmetric space X 
has dimension at least 4. Then, the property (3) in Proposition 5.2 shows 



for all x € X. Hence, the volume of F([xq, . . . ,x n —i\) has a uniform upper 
bound. The volume of the straight line homotopy between F([xq, . . . , x n -i]) 
and [F(xo), . . . , F(x n -\)\ is uniformly bounded from above since the volumes 
of both F([xo, . . . , x n -i]) and [F(xo), . . . , F(x n -i)} are uniformly bounded 
from above and the sectional curvature on X is bounded from above by 
— 1. More precisely, one can approximate the straight line homotopy by 
the union of small cones Cj whose bases are on [F(xq),... , F{x n -i)\ and 
whose apexes are on F([xo, . . . , x n -i\), and small cones Cj whose bases are 
on F([xo, . . . , x n -i\) and whose apexes are on [F(xq), . . . , F(x n -\)]. On the 
other hand, it can be shown, see for example [18] (page 19), that 



This shows that the volume of the straight line homotopy is bounded uni- 
formly by the sum of volumes of F([xo, . . . ,x n -\]) and [F(xq), . . . ,F(x n -x)]. 
Thus, rj is a T-invariant continuous bounded cochain, which implies that h 
and F*f represent the same bounded cohomology class F£(ub) in i?^(r,M). 



Let a € [-M]l; p an d c be a locally finite fundamental £ 1 -cycle with finite 
Lipschitz constant representing a. We now assume that G is not SO(3, 1). 
Maximality condition Vol(p) = Vol(M) gives us an inequality 



Jm 

Since J&c n F(x) < 1 almost everywhere, inequality (5.1) actually implies 
that 



and hence, J&c n F(x) = 1 everywhere. Then, it follows from the property 
(4) of the natural map in Proposition 5.2 that F is an isometry. Therefore, 
p : r —7- G is a discrete, faithful representation. 

The theorem for the case G = SO (3, 1) can be covered by the result of 
Bucher, Burger and Iozzi [4]. In their paper [4], an invariant for representa- 
tions of lattices in SO(n, 1) is defined in the same manner as the invaraint 




Vol(Cone) < (n - l) _1 Vol(Base). 



□ 
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for representations of lattices in S0(2, 1) in [9]. Moreover, they show that 
the invariant detects discrete, faithful representations for n > 3. In fact, it 
is easy to see that the absolute value of the invariant for representations p 
of hyperbolic lattices is equal to the volume invariant Vol(p). This follows 
from the same argument in the proof of Proposition 6.2. Hence, the theorem 
holds for the case G = SO(3, 1). We finally complete the proof. □ 

From Lemma 3.3, it is easy to see that Theorem 5.3 covers the remaining 
cases SU(n, 1), Sp(n, 1), F^ 20 that Goldman's proof in [17] did not cover. 
Hence, we complete the proof of Conjecture 1.1. 

6. SO(2,l) 

In this section, we deal with PU(1, 1) instead of SO(2, 1) for convenience. 
Let r be a lattice in PU(1, 1) and p: T — > PU(1, 1) be a representation. The 
unit ball D in the complex plane C is the associated symmetric space and 
S = r\B is a surface of finite topological type with negative Euler number. 
If r is a uniform lattice, then the volume invariant Vol(p) is equal to \v(p)\ 
as we see this in Lemma 3.3. Hence, Theorem 1.2 for uniform lattices in 
PU(1, 1) follows from Goldman's proof. We refer the reader to [15] for a 
detailed proof of this. 

From now on, we assume that T is a nonuniform lattice in PU(1, 1). In 
this case, Burger, Iozzi and Wienhard define the Toledo invariant as fol- 
lows. Let £ be a connected, oriented, compact surface with boundary <9£ 
whose interior is homeomorphic to S. Let p: 7Ti(£) —> PU(1, 1) be a repre- 
sentation. The second continuous cohomology -£f 2 (PU(l, 1),R) of PU(1, 1) 
is generated by the Kahler form k on B. There is the unique continu- 
ous bounded Kahler class G H^ b (P\J(l, 1),R) since the comparison map 
c: iT* 6 (PU(l,l),R) -> JZJ(PU(l,i),R) is an isomorphism in degree 2. By 
pulling back the bounded Kahler class Kf, via p, one can obtain a bounded 
cohomology class 

pt(K b ) € HffaplR) * tf 6 2 (£,]R). 

The canonical map C*(£,<9£,R) — > C?(£,R) induces an isomorphism 
j : H^(Tj, i9S, R) — > H^(Tj, R) in bounded cohomology. The Toledo invariant 
T(S,p) of p is defined by 

T(s, P ) = (r 1 (p 6 *(H)),P,as]}, 

where j -1 (p? (ftfe)) is considered as an ordinary relative cohomology class 
and [S, dH] is the relative fundamental class. Burger, Iozzi and Wienhard 
obtain a kind of the Milnor inequality 

|T(E,p)| < X (S), 

where x(^) is the Euler number of S. Moreover, they generalize Goldman's 
characterization of maximal representations for closed surfaces to the cases 
of surfaces with boundary. 
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Theorem 6.1 (Burger, Iozzi and Wienhard). Let £ be a connected oriented 
surface with negative Euler number. A representation p: 7ri(£) —> PU(1, 1) 
is maximal if and only if it is the holonomy representation of a complete 
hyperbolic metric on the interior o/£. 

In fact, a similar argument holds for a representation of 7Ti(£) into a Lie 
group of Hermitian type. We refer the reader to [9] for more details. 

Proposition 6.2. Let V be a nonuniform lattice in PU(1, 1). Then 

Vol(p) = 27r|T(E,p)|. 

Proof. Let S = T\B and £ be the compact surface with boundary whose 
interior is homeomorphic to S. We think of S as the interior of £. Let oj 
be the PU(1, l)-invariant volume form on D. Then, u = 2ttk for the Kahler 
form k on D. Hence, 

Vol(p) = m{{\{p* b (uj b ),u)\ | c(u b ) = u and a G [5] Lip} 

= 27r-inf{|(p 6 *( K6 ),a)| | a G [S]£ p }. 

We claim that (p* b (K b ),a) = T(£,p) for all a G [5]^- Consider a collar 
neighborhood of <9£ in £ that is homeomorphic to S£ x [0, 1). Let K be the 
complement of the collar neighborhood of <9£. Note that K is a compact 
subsurface with boundary that is a deformation retract of E. Consider the 
following commutative diagram, 



C?(E,3E,] 




where every map in the above diagram is the map induced from the canoni- 
cal inclusion. Every map in the diagram induces an isomorphism in bounded 
cohomology in degree 2. Thus, there exists a cocycle z G C 2 (£,£ — lf,R) 
such that P2(z) represents ini?|(£,R) andii(f>2(z)) represents pl(nb) 

in H b (S,R) andp 3 (z) represents j _1 (Pfc( K f>)) in -ff 2 (£, <9£, R). Here, we use 
the same notation pl(n b ) for the bounded cohomology classes in if^(E,lR) 
and H b (S,R) identified with p* b (K b ) G H^(T,R) via the canonical isomor- 
phisms # fe 2 (£,R) = fl?(r,R) and H$(S,R) = # fc 2 (r,R) respectively. 

Let c = ^i^i be a locally finite fundamental cycle with finite 

Lipschitz constant representing a G [-S^Lip- Then, we have 

(pl(K b ),a) = {h(p 2 {z)),c) = (z,c\ K ), 

where c\k = X^imo- 1 n_ft r ^0 a i°i- ^ is a standard fact that c\k represents the 
relative fundamental class [S, S—K] in H2(S, S— K, R). Since the fundamen- 
tal cycle representing [S, S — K] is also a representative of the fundamental 
class [£,£ — K] by the canonical inclusion, c\k represents the fundamental 
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class [E, £ — K] in ii2(£>£ — if, R). Let \z\ denote the cohomology class 
in if 2 (£, £ — if, R) determined by z. From the viewpoint of the Kronecker 
product (•, •) : ii 2 (E, £ - if,R) <g> H 2 (E, £ - if,R) ^ R, we have 

<z,c| x ) = ([*],[£,£ -if]). 

Let <i € C2(£,<9E) be a cycle representing the fundamental cycle [£,<9£] 
in i?2(E, <9E, R). Since ps{z) represents j~ l (pl(K,b)) > 

(J^(P6K)),[E,5E]) = (p3(z),d) = (Mk). 

For any relative fundamental cycle ci in C2(£,<9£,R), d\x represents the 
fundamental class [E, E — if] in i?2(E, E — if, R). Hence, 

(z,d\ K ) = ([*],[£,£ -if]). 

Therefore, we can finally conclude that 

(p* b (K b ),a) = (j-\pt(n b )), [£,«9£]) = ([z], [E, E — if]), 

which implies this proposition. □ 

The equation Vol(p) = 2ir\T(p)\ implies that the structure theorem for 
maximal representations of compact surfaces into PU(1, 1) with respect to 
the Toledo invariant T(p) holds for the volume invariant Vol(p). 

Theorem 6.3. Let T be a lattice in PU(1,1). Then, a representation 
p: r — > G is maximal if and only if p is a discrete, faithful representation. 

Theorem 1.2 follows from Proposition 3.1, Theorem 4.5, 5.3 and 6.3. 

Theorem 6.4. Let T be an irreducible lattice in a connected semisimple Lie 
group G with trivial center and no compact factors. Let p: T — > G be a 
representation. Then, the volume invariant Yol(p) satisfies an inequality 

Vol(p) < Vol(M), 

where X is the associated symmetric space and M = T\X. Moreover, equal- 
ity holds if and only if p is a discrete, faithful representation. 

7. Representations of lattices in SO(n, 1) into SO(m, 1) 

In this section, we introduce a volume invariant Vol(/9) for representations 
p: r — )• SO(m, 1) of lattices F in SO(n, 1) for m > n. Let M k denote the 
hyperbolic /c-space for each k € N. Define a map /™: (BI m ) n+1 — > R by 

f™(x , ...,x n ) = Vol™([x , . . . , x n ]), 

where Vol™([xo, . . . ,x n ]) is the n-dimensional volume of the geodesic n- 
simplex [xq, . . . ,x n ] in H m . Clearly, /™ is a SO(m, l)-invariant continuous 
(bounded) cochain in C"(H m ,R). Observing that the geodesic n-simplex 
[xq, . . . , x n ] is contained in a copy of H n in W n , it is easy to see that f™ is 
a continuous (bounded) cocycle and moreover, 

W^n I loo — V n 
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where u)™ € iJ"(SO(m, 1), R) is the continuous cohomology class determined 
by the cocycle f™ and v n is the volume of a regular ideal geodesic simplex 
in HP. 

According to the Van Est isomorphism, the continuous cohomology class 
wP corresponds to a SO(m, l)-invariant, differential n-form wP on HP". The 
restriction of the differential form cjP to any totally geodesic HP in HI m is 
the Riemannian volume form on the totally geodesic H n in HP\ 

Let r be a lattice in SO(n, 1) and p: T — > SO(m, 1) be a representation 
for m > n. Let c: H* 6 (SO(m, 1),R) -» H*(SO(m, 1),R) be the comparison 
map and M = T\H n . Then, we define a volume invariant Vol(p) of p by 

Vol(p) = mf{|<p£(< 6 ),a)| | c« 6 ) = uC and a G [M]g p }. 
It satisfies an inequality 

Vol(p) < IKIU • ||M|| Lip = v n ■ Vol(M) = Vol(M). 

Recall that a representation p: V — > SO(m, 1) is said to be a totally 
geodesic representation if there is a totally geodesic W 1 C HP 1 so that the 
image of the representation lies in the subgroup G C SO(m, 1) that preserves 
this HP and that the p-equivariant map F : W 1 — > M m is a totally geodesic 
isometric embedding. Note that the subgroup G of SO(m, 1) is of the form 
HxK where H is isomorphic to SO(n, 1) and K is isomorphic to the compact 
group SO(m — n). A totally geodesic representation p: T — > SO(m, 1) splits 
into p = p± x P2 where pi is conjugate to T by the Mostow rigidity theorem. 

Theorem 7.1. Xei T 6e a /attice in SO(n, 1) and M = T\W n . The volume 
invariant Vol(p) of a representation p: T — >• SO(m, 1) for m > n > 3 
satisfies an inequality 

Vol(p) < Vol(M). 

Moreover, equality holds if and only if p is a totally geodesic representation. 

Proof. We only need to show the second statement. In fact, a proof of 
the theorem is given by Bucher, Burger and Iozzi in [4]. We give here an 
independent proof of the theorem for m > n > 3. Suppose that a represen- 
tation p: T — >• SO(m, 1) is a totally geodesic representation. Then, there 
exists a p-equivariant totally geodesic isometric embedding F: M n — > M m . 
The p-equivariant map F induces homomorphisms F* : H'(SO(m, 1), M) — >• 
H'(T,R) and : H' b (SO(m, 1),R) -> flJ(T,R). The volume invariant 
Vol(p) of p can be computed by 

Vol(p) = inf{|(F b *« fe ),a}| | c« 6 ) = < and a € [M]g p }. 

Since F is an isometric embedding, we have 

F*f™(y , ...,y n ) = f r n n (F(yo), • • • , F(y n )) 

= Vol™([F(y ),...,F(y n )]) 
= sign(F)-Vol£([y ,...,y n ]), 
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where sign(i ? ) = 1 if F is orientation-preserving and sign(i ? ) = —1 if F is 
orientation-reversing. This implies that F*(oj™) = sign(i ? ) • res c (u) n ) where 
uj n is the SO(n, l)-invariant volume form on HP. Hence, it immediately 
follows that F b * (oj™ b ) = sign(F) • res b (uj n ^) for some uo n ^ G c _1 (w n ). By- 
Lemma 4.2, we have 

(i£(a;™ 6 ),a) = (sign(F) • res b (Lo n , b ), a) = sign(F) • Vol(M), 
for all a € [M][ ip . Thus, we can conclude that 

Vol(p) = inf{|(F 6 *« 6 ), a) | | c« 6 ) = < and a E [M]g p } = Vol(M). 

Conversely, we suppose that Vol(p) = Vol(M). Recall that the natural 
map F: M n ->■ M m satisfies: 

• F is smooth. 

• F is /3-equi variant. 

• For all k>3, Jac k F(x) < {S(T)/(k - l)) k . 

• If \\D x F{ui) A • • • A D x F{uk)\\ = (5(T)/(k - l)) k for an orthonormal 
k- frame u±, . . . ,Uk at x £ H n , then the restriction of D X F to the 
subspace generated by u± , . . . , Uk is a homothety. 

Because of 6(T) = n — 1 for a lattice T in SO(n, 1), Jac n F(x) < 1. By 
an argument similar to the one used in the proof of Theorem 5.3, we can 
conclude that 

f =voi(M). 

Hence, Jac n .F(x) = 1 almost everywhere after possibly reversing the orien- 
tation of X. Then, F is a global isometry of HP 1 . For a detailed proof about 
this, we refer to [13]. Therefore, p is a totally geodesic representation. □ 

8. Toledo invariant of complex hyperbolic representations 
In this section we consider only uniform lattices T C SU(n, 1), n > 2. 

8.1. On complex hyperbolic space. Let T C SU(n, 1) be a uniform lat- 
tice that M = r\H^ and p: V — >• G = SU(m, 1), m > n be a representation. 
Let w be a Kahler form on H™. Then ^|W n will be a SU(m, l)-invariant 
form. Then it defines an element u c € H^ n (G,W) via Van-Est isomorphism. 
Denote oj b € H b n c (G,M) a bounded class such that c(w&) = uj c under the 
comparison map. Define the volume of the representation p by 

Vol(p) = mf{\(p* b (u b ),a)\ | c{u b ) = uj c and a e [M]f ip }. 

Then, it satisfies the usual inequality 

Vol(p) < Hwclloo • ||M|| Lip . 

But, since ^[w" - is the volume form on Hg, Vol(p) < Vol(M). 

Suppose Vol(p) = Vol(M). If p is not reductive, the image will be con- 
tained in a parabolic group, and the volume will be zero. Hence assume that 
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p is reductive. Let F : Mq — > W™ be a p-equivariant smooth harmonic map. 
Then some class p£(wb) is represented by F*(^u) n ) and the pairing satisfies 

1 



\{Pb(vb),a)\ 



M \n\ 



> Vol(M). 



This implies that the rank of dF at some point x € is maximal. By 
Siu's argument [28], F is holomorphic. It is shown in [2] that Jac2 n -F < 1 
for holomorphic map F. Consequently 

1 



p* 



M \n\ 



Vol(M) 



and F is an isometric embedding. 

Hence we obtain using the same proof of section 7 and the above argument 

Theorem 8.1. Let T C SU(n, 1) be a uniform lattice and p: T — > SU(?n, 1), 
m > n be a representation. Then p: T — > SU(m, 1) is a maximal volume 
representation if and only if p is a totally geodesic representation. 

This is a reformulation of Corlette's result in [11] in terms of the bounded 
cohomology theory. See also [20] and [3] for defferent formulations. Note 
that this theorem implies both Goldman-Millson and Corlette's results. 

Corollary 8.2. Let V C SU(n, 1) C SU(m, 1) be a uniform lattice. Then it 
is locally rigid up to compact group. 

Proof. Suppose pt : T — > SU(m, 1) is an one-parameter family of representa- 
tions near po = i, the canonical inclusion. Note that Vol(pt) = | f M f* (^yw n ) | 
by Lemma 3.3 where ft is a /^-equivariant map ft'. — > H™. 

Note that /o(^o; n ) € H 2n (M,Z) is a Chern class and hence [/ t *(^w n )] = 
[/ *(iw n )] G H 2 ^(M,Z). This implies that Vol(p t ) = Vol(p )- Since Po is 
a maximal volume representation, pt is also maximal, hence they are all 
conjugate each other up to compact group. □ 

8.2. On quaternionic hyperbolic space. We can also formulate the rigid- 
ity phenomenon of uniform lattices of SU(n, 1) in Sp(m, 1) as follows. A 
homogeneous space D = Sp(m, 1)/Sp(?n) x U(l) over with fiber CP 1 
is called a twistor space. The vertical bundle V tangent to the fibers is a 
smooth subbundle of TD and a unique Sp(m, l)-invariant complement to 
this vertical subbundle is called the holomorphic horizontal subbundle H. 
This twistor space D posseses a pseudo-Kahler metric g which is negative 
definite on V and positive definite on H, whose associated (1,1) form ujd is 
closed. The quaternionic hyperbolic space has one dimensional space of 
Sp(m, l)-invariant four forms. We pick a four form a so that its restriction 
to a totally geodesic complex hyperbolic subspace Wp is w^m where wej? is 
a Kahler form on complex hyperbolic space. The relation between a and 
u)d is as follows, see [12, Lemma 1]. 

7r*a = oj 2 d + dp 
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for some Sp(m, l)-invariant 3-form j3. Note that ui^ G H^ n (Sp(m, 1), R). 
One can define the volume of a representation p: T — > Sp(m, 1) by 

Vol(p) = M{\(p* b (uj b ),[3)\ | c(u b ) = co n D and [3 G [M]£ p }. 

Then Vol(p) < H^IU ■ ||M|| L i p . Suppose Vol(p) = Vol(M). Note that such 
a value is realized when p is a totally geodesic embedding since the restriction 
of up to is a Kahler form. Let / : — > HJJ be a p-equivariant harmonic 
map and let F be a lift of / to the twister space D so that ir o F = f. If 
f*a = 0, then F*^^ = —dF*f3 on M and thus, we have 

f F*u n D = - [ F*(loI~ 2 A dp) = - f dF*(ool~ 2 A P) = 0. 

Hence we may assume that /*a 7^ 0, then the rank of / is at least four at 
some point. By [10], one can choose F to be a holomorphic horizontal lift. 
Then F*uj 7 £ ) represents some class pl{oJb) with c(cj b ) = w^, and 

Vol(p) = Vol(M) < / F*u r t). 

Jm 

Since F is holomorphic, F*u}£> < ujmi hence 

( F*ul < [ lu% i = Vo\(M). 
Jm Jm 

This forces F to be totally geodesic embedding. Hence the local rigidity of 
T C SU(n, 1) C Sp(m, 1) also follows as in Corollary 8.2, which is part of a 
result in [22]. 
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